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Abstrllct-A fully nonlinear theory for the dynamics and active control of elastic laminated plates
with integrated piezoelectric actuators and sensors undergoing large-rotation and small-strain
vibrations is presented. The theory fully accounts for geometric nonlinearities (large rotations and
displacements) by using local stress and strain measures and an exact coordinate transformation.
Moreover, the model accounts for continuity of interlaminar shear stresses, extensionality, ortho
tropic properties of piezoelectric actuators, dependence of piezoelectric strain constants on induced
strains, and arbitrary orientations of the integrated actuators and sensors. Extension and shearing
forces and bending and twisting moments are introduced onto the plate along the boundaries of
the piezoelectric actuators. Five nonlinear partial differential equations describing the extension
extension-bending-shear-shear vibrations of laminated plates are obtained, which display linear
elastic and nonlinear geometric couplings among all motions. Piezoelectric actuator-induced warp
ing is also addressed, and comparisons with other simplified models and nonlinear theories are
made.

I. INTRODUCTION

The post-buckling strength of thin plates plays an important role in the design of aircraft
structures because conventional aircraft structural elements are often designed to operate
in the post-buckling range. Hence, nonlinear problems considered in the theory of linearly
elastic plates were mostly those of post-buckling analysis, prediction of stability, and
nonlinear panel flutter analysis. In recent years, the rapid developments in aerospace
exploration have stimulated extensive research into the dynamics and control of flexible
structures. Because flexible structures have low flexural rigidity and usually have small
material damping and because there is no air damping in space, fast maneuvers often lead
to destructive large-amplitude vibrations, which introduce excessive material fatigue and
affect their operational accuracy. Thus, it is desirable to control and stabilize a space system
during and/or after any maneuver. To identify system characteristics and design strategies
for the control oflarge-amplitude plate vibrations, one needs to study the effect ofgeometric
nonlinearities and understand the nonlinear dynamic behavior of plates. This requires an
accurate nonlinear modeling of the plate and its accompanying control devices.

Active control can be used to achieve high damping factors and hence it is an effective
way of controlling low-frequency vibrations of flexible structures without the disadvantages
of passive control systems, such as heavy weight and large size. Active control systems can
be divided into point sensor/actuator systems and distributed sensor/actuator systems.
Point sensors and actuators require elastic supports, have large volume, and are relatively
heavy compared with the weights offlexible structures, and hence they significantly alter the
static and dynamic characteristics of such structures. Moreover, in a point sensor/actuator
system a large number of sensors are needed to reveal the system response, and hence the
on-board real time computation requirements are serious. Consequently, the so-called
adaptive (or intelligent) structures, which are structural systems with integrated distributed
actuators and/or sensors, provide an exciting new approach. Distributed sensor-actuator
systems transfer the on-board real time computation efforts to the sensor design processes
and reduce or even eliminate the requirements for signal processing. Moreover, some known
characteristics of the system can be integrated into the sensor-actuator design process.
Piezoelectric materials are commonly used in the design ofsuch distributed sensor~actuator

systems.
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Lead zirconate titanate (PZT) and polyvinylidene fluoride (PYDF or PYF 2 ) are the
most commonly used piezoelectric materials in structural control. They have similar elec
tromechanical coupling effects (Jaffe ct al., 1971: Sessler. 1981). Applications of piezo
electric actuators and sensors in structural control include attaining control authority of an
acrodynamic body by altering the twist curvature and camber of its aeroelastic lifting
surfaces (Crawley 1'[ al., 1988), altering the shape of an optical surface to attain a rangc of
desired mirror curvatures and hence to quickly and accurately change the focal length or
pointing direction of the mirror (Chiarappa and Claysmith, 1981), actively controlling the
borne noise of structures (Atluri and Amos, 1988; Clark and Fuller. 1990: Wang et
1991), etc. Moreover, piezoelectric actuators can be used to greatly enhance the control of
advanced composite structures with inherent elastic couplings and directional stifl'nesses.

PZT is the most researched and used piezoelectric material in the control of structures,
but it is brittle and difficult to fabricate into complex shapes and large sheets of films. On
the other hand, the new material PVDF is characterized by such properties as flexibility,
light weight and inexpensiveness. PVDF materials are available in large sheets of thin films
and easy to shape into specific geometries to implement modal actuators and modal sensors
for the control and sensing of flexible structures (Lee, 1990). Furthermorc, PYDF materials
have a large range of dynamic sensitivity, and their maximum response frequency is in the
GHz range. All these qualities have made PYDF very attractive for adaptive vibration
control of structural systems.

To date, models of induced strain actuator/substrate systems arc very limited because
most of the researchers concentrated their efforts on the implementation of control algo
rithms. Most of the models in the literature [e.g. Lee (1990), Lazarus and Crawley (1989).
Lee and Moon (1989), 1m and Atluri (1989) and Tzou and Gadre (1989)] arc b<lsed on the
Kirchhoff hypothesis and hence neglect transverse shear deformations. However. shear
effects are significant for composi te plates because the ratios of the inplane Young's moduli
E'l. (Y = 1.2) to the transverse shear moduli G"l arc between 20 and 50 in modern composites
and between 2.5 and 3,0 in isotropic materials. There are several refined shear-deformable
plate theories with the third-order shear theory (Reddy, 1984; Bhimaraddi and Stevens,
1984) being the most recommended theory. But most of the shear deformation theories,
including the third-order theory, do not account for the continuity of interlarninar shear
stresses and the elastic coupling between two transverse shear deformations. In the present
formulation, we extend the piecewise linear displacement field used by Di Sciuva (1987)
and Librescu and Schmidt (1991) by using quadratic and cubic interpolation functions to
satisfy continuity of interlaminar shear stresses, to accommodate free shear-strcss conditions
on the bounding surfaces, and to account for nonuniform distributions of transverse shear
stresses in each layer.

Geometric nonlinearities are either totally ignored or considered in an incomplete
manner in most of the existing models. Geometric nonlinearities introduce nonlinear
dynamic responses. such as flutter and chaotic vibrations, into a plate system under steady
external excitations. Furthermore, in a nonlinear system an unstable "steady" solution with
small amplitude can be sustained for a long time before it diverges, and hence it may be
mistaken for a linear stable solution (Fujino et al.. 1990). Although the motion ora structure
subject to control actions is a transient vibration, Balachandran et al. (1992) showed that
modal interactions can produce small-amplitude transient vibrations in nonlinear systems,
which pose difficulties in their identification using linear identification methods (e.g. l110ving
block analysis or time domain techniques). For example, modal interactions can caLise the
identified damping coefficients to be oscillatory and to assume negative values. Hence,
geometric nonlinearities need to be accurately modeled in an adequate plate theory.

The most common nonlinear plate theories use von Karman strains to account for
geometric nonlinearities but usc linear expressions for the curvatures. The von Karman
strains do not account for all geometric nonlinearities due to moderate rotations (Pai and
Nayfeh, 1991). Moreover, when the rotations are large. the stress and strain components
in von Karman type plate theories do not match the real boundary conditions because they
are defined with respect to the undeformed rather than the deformed coordinate system.

In general. both PZT and PVDF are mechanically orthotropic due to manufacturing
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and poling processes. Moreover, Lazarus and Crawley (1989) point out that the effects of
creep on predicting the actuation strains can be ignored but their hysteretic behavior cannot.
To describe the hysteresis, they define two mechanical/electrical coupling coefficients: a
one-sided secant coupling coefficient d+ or d- and a symmetric or an average secant
coupling coefficient d*. They also point out that the averaged coefficient is more suited for
finding the amplitude of the dynamic induced strains. It is also shown by Lazarus and
Crawley (1989) and the piezoelectric strain "constants" are not constant but depend on the
induced strains. Moreover, the action of a piezoelectric element on a plate element is similar
to the loading of a distributed line force, which makes the cross-section warp as the
transverse shear forces do.

In this paper, the basic idea underlying the development of our former nonlinear plate
theory (Pai and Nayfeh, 1991) is extended to derive a set of mathematically consistent,
nonlinear equations governing the motion of laminated piezoelectric plates. The surface
analysis is done by using a vector approach, and the resulting expressions for the nonlinear
curvatures and mid-plane strains are combined with a layer-wise higher-order shear-defor
mation theory and the extended Hamilton principle to derive variationally consistent,
shear-deformable, nonlinear equations of motion. The theory fully accounts for geometric
nonlinearities by using local stress and strain measures and an exact coordinate trans
formation, which result in nonlinear strain-displacement relations that contain the von
Karman strains as a special case. Moreover, the model accounts for the continuity of
interlaminar shear stresses, the elastic shear coupling effects, extensionality, orthotropic
properties of piezoelectric materials, the dependence of the piezoelectric strain "constants"
on the induced strains, integrated actuators and sensors at various orientations, and actu
ator-induced, local actuating forces and moments. Moreover, actuators and sensors made
ofPZT and PVDF are considered, the piezoelectric actuator-induced warping is addressed,
and comparisons with other simplified models and nonlinear theories are provided.

2. COORDINATE TRANSFORMATION, IN-PLANE STRAINS AND CURVATURES

We consider a rectangular laminated piezoelectric plate over the domain 0:::;; x :::;; a,
O:::;;y:::;; b, z!:::;; z:::;; ZN+!' In Fig. 1 we show the construction of a typical laminated
piezoelectric plate, where the ith lamina is located between the Z = Zi and Z = Zi+ I planes,
there are N plies, and the thickness h = ZN+ I - Z I' Every composite and piezoelectric lamina
is considered orthotropic, and the shapes of the actuators and sensors can be arbitrarily
designed, as shown in Fig. 1. We use two coordinate systems, as shown in Fig. 2(a). The
x-y-z system coincides with the undeformed configuration of the plate and is an inertial

i=t

i=2

i=3

i=N-l

i=N

/

. "

k-3~a Sensors

Fig. 1. A typical arrangement of laminated piezoelectric plates.
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Fig. 2. (a) Coordinate systems: xyz = inertial coordinate system; ~-If-{ = local coordinate
system, which is an orthogonal curvilinear coordinate frame, and (b) the undeformed and deformed

geometry of a reference-plane element.

coordinate frame, and the ~~I]-( coordinate system is a local, orthogonal curvilinear coor
dinate system with the ~ and I] axes being on the deformed reference-plane. In Fig. 2(b),
we show a reference-plane element before and after deformation. Here, in i l • and i; are unit
vectors along the x, y and z axes, respectively; ii, i 2 and i 3 are unit vectors along the ~, I]

and ( axes, respectively; and ij and ii are unit vectors along the ~ and ~ axes, respectively.
In Fig. 2(b), the coordinates of the corners of the reference-plane element are:

A: (x, y, 0),

B: (x+dx, y, 0),
C: (x, y+dy, 0),
A': (x+u, y+1', w),
B': (x+dx+u+uxdx, y+1'+v<dx, w+wxdx),
C': (x+u+u,dy, y+dY+1'+v,.dy, w+w,dy),

where u, l' and ware the components of the displacement of corner A. Throughout this
paper, the subscripts x, y and z denote partial differentiation with respect to x, y and z,
respectively, except that ix' i, and i; denote the base vectors of the x-y-z coordinate system.
The other subscripts do not represent differentiation.

It follows from Fig. 2(b) that the axial strains along the ~ and I]-directions are given,
respectively, by:

A'B' -dx J ---·'2--2:---2
('1 = '···--d·--- = (1 +uJ +vx +wx -I,

x

The unit vectors along the ~ and I] directions are given by:

(I)

(2)
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where
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(3)

(4)

(5)

(6)

Using eqns (3) and (4), we obtain an expression for the inplane shear deformation as:

(7)

where a bullet denotes an inner product of vectors. Equations (I), (2) and (7) are nonlinear
expressions giving the inplane strains e), e2 and Y6 in terms of the displacements.

Although i) is perpendicular to i 2 only when the inplane shear strain Y6 is zero, we
neglect the influence of Y6 on the deformed plate configuration and assume that it is
perpendicular to i 2• For a derivation that includes the influence of Y6, the reader is referred
to Pai and Nayfeh (1991). Then, the unit normal to the deformed reference plane is given
by:

(8)

where

T 3t = (Tt2 T 23 - T I3 T 22 )/Ro, T 32 = (Tl3 T 21 - Til T 23 )/Ro,

T 33 = (TJIT22-TJ2T2J)/Ro,

Combining eqns (3), (4) and (8), we obtain the following transformation which relates
the undeformed coordinate system x-y-z to the deformed coordinate system ~-11-':

(10)

We note that [T] - I = [T]T due to the orthogonality of the ~-11-' coordinate system.
Using the identities:

we obtain

(12)
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"
0 K4 -"']() { 1 [K 2]{ i 123}, [K 2J 0~ i 123 J - K 4 -(~2 'OJ'
h" h2 K::-

(13)

where [Kd and [K 2Jare curvature matrices and the curvatures are given by:

( 14)

(15)

K 61 == (16)

( 17)

(18)

(19)

Here, Kl and K2 are the bending curvatures with respect to the IJ and ¢ axes and K61 and
K 6 2 are the twisting curvatures with respect to the - ~ and IJ axes, respectively. Moreover,
egns (14)-(19) are expressions for the curvatures with respect to the local coordinate system
~-f/--' and are normalized, not real, curvatures because the differentiation is taken with
respect to the undeformed element lengths dx and dy and not with respect to the deformed
lengths (1 +ej)dx and (1 +el)dy.

3. DISPLACEMENT FIELD. SHEAR WARPINGS AND STRAINS

Here we treat each composite or piezoelectric lamina as an orthotropic layer, as shown
in Fig. 1. Because some parts of an actuation or sensing lamina are made of adhesives and
not piezoelectric materials, the stiffness properties of such lamina and hence the global
stiffness matrix of the laminated plate vary over the area. But because the mechanical
stiffnesses of piezoelectric materials (especially PVDF) are usually much smaller than the
composite laminae and because the piezoelectric laminae are very thin, one can assume that
the piezoelectric laminae are uniform and take the stiffnesses to be appropriate averaged
values of those of the piezoelectric and adhesive materials, thereby obtaining a constant
global plate stiffness matrix. Ofcourse, if a finite-element method is used, this nonuniformity
can be fully accounted for.

For a piezoelectric plate, there are four kinds of loads--piezoelectric-actuator-induced
local loads, restrained-boundaries-induced loads, external loads and inertial loads. In Fig.
3(a), we show a cross-section of an undeformed plate segment. A typical deformation due
to external, inertial and/or restrained-boundary-induced loads is shown in Fig. 3(b). For a
plate with free boundaries and no external or inertial loads, a typical deformation due to
piezoelectric actuation is shown in Fig. 3(c). A real deformation is a combination of both.
Because the warping functions in Figs 3(b) and 3(c) are different, we need to obtain these
warping functions separately.

To fully account for the change in configuration, we use local stress and strain measures
and a coordinate transformation. The movement of a plate element consists of two parts:
a rigid-body motion, which translates the corner A of the reference-plane element from (x.
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y,O) to (x+u, y+V, w) and rotates its dx- and dy-sides to be parallel to the ~ and ~ axes,
respectively; and a local displacement, which results in the strains. Because the rigid-body
motion does not result in any strain energy, to obtain the elastic energy we only need to
deal with the local strainable displacements.

3.1. External load-induced displacement field
To include shear deformations in the mathematical model of a general anisotropic

laminated plate subjected to external, inertial and/or restrained-boundary-induced loads
[see Fig. 3(b)], we assume a displacement field for each layer because the material properties
are not uniform through the thickness. Using assumptions similar to those used by Pai and
Nayfeh (1991), we assume that the local displacements UVl, u~l and u~) (with respect to the
~-1J-' coordinate system) of the ith lamina have the form:

u~)(x,y,z,t) = u~(x,y,t), (20c)

where t denotes time, the u? (i = I, 2, 3) are the displacements (with respect to the local
coordinate system) of a point which is located at (x, y, 0) before deformation, Y4 and }'s
are the transverse shear rotations at the reference plane with respect to the - eand 1J axes.

(a) Actuator

------------------- ---~r--t:--------.--J
z

(b)

- ...

(c)

-------- ... -
-- ...

Fig. 3. (al A cross-section of the undeformed plate, (b) the deformation due to external, inertial,
and/or restrained-boundary-induced loads, and (c) actuator-induced deformation.



1610 P. F. PAl el 01.

respectively, and 8 1 and 82 are the rotation angles of the normal to the reference plane with
respect to the ~ and IJ axes, respectively. Moreover, the a.\iI and {i\i1 are functions to be
determined by imposing continuity conditions on the inplane displacements and inter
laminar shear stresses and the free surface conditions. Because ~""IJ·~ is a local coordinate
system and the ~-IJ plane is tangent to the deformed reference-plane, we have:

Using eqns (20) and (21), we obtain the local transverse shear strains as:

(0Uli ) (:luU)
UI "2 "} (I) ",

r: 23 = ~ + ~ = I' 4 + 2:x 2 :: + 3{J~ ::.,
c:: rJy

(21 )

(22a)

(22b)

Using tensor transformations (Whitney, 1987), one can relate the transformed stiffness
matrix [QU)] for the ith lamina to its principal stiffness matrix [QUI] and its ply angle, thereby
obtaining the stress-strain relations for the ith lamina as:

(J"UI QUI Q(II QUI 0 0 QUI

,'I"~II II I' I} 16 ('II

(J"UI QUI Q~1 Q~j 0 0 QUI f;(~ ~
:!~ 12 26

(J"Ul QUI Q~'~ QUI 0 0 QUI rJ .) I} _1, ~ Jr, I, ~ 1,

(23)(J"UI 0 0 0 Q~~ QIII 0 ,.(iI
23 4';; 1,.2 ~

(J"UI 0 0 0 QUI QUI. 0 ,.(1)
I} 45 " "13

(J"UI QUI QUI QUI 0 0 Q~~:)
n(l)

12 16 26 }6 "I'

We assume that there is no delamination, and hence the inplane displacements III and II)

and interlaminar shear stresses (J" I} and (J" 2} are continuous across the interface of two
contiguous laminae, Moreover, we assume that there are no applied shear loads on the
bounding surfaces and hence (J" I} = (J"2} = 0 at the:: = :: I and:: =::.v I planes, Hence, we
have:

e\li(x,Y,::I,t) =0,

r:\,li(x,Y,::I,t) = 0,

U\i)(X,y,Zi+ I' t) -uV+ 1)(X,y'::i+ I, t) = 0 for i = I",., N I,

U~I(X,y,Zi+l,t)-U~+II(X'Y'::i+I,t) = 0 fori= 1".,.N··l.

(J"~~(X,y,Zi'l.t)-(J"~jll(X'Y'::i 1,1) =0 l'ori= I, . .,;V I,

(J"\i~(X'Y'::i+I,t)-(J"\ijll(X.y'::i+I,1) =0 fori= l. .. .,N I.

1:\\I(X.y.::,v+l,t) = 0,

I:IN(x,y,::v+ I,t) = 0, (24)

These 4N algebraic equations can be used to determine the 4N unknowns (i.e. :x \' 1, :x '2 1, #\' 1
,

{J~I for i = I, , .. , N), by using eqns (22), (20a). (20b) and (23), in terms of i' 4and '/, as:

(25)

for i = I.. , , . N, where the a~J and MJ are functions of the:: /. Q~J, Q~~ and QVJ,
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3.2. A general displacement field and strains
It follows from eqns (20) and (25) that a general displacement field describing the

deformation due to any load can be represented by

(26a)

(26b)

(26c)

where the g\t gn, g~l and g~~ are polynomial functions of z. For example, eqns (20) and
(25) can be rewritten in the form of eqns (26) with:

g\il == anz2+bVlz3,

gV~ == z+aV1z2+bV1z3,

g~l == z+a~lz2+b~lz3,

g~1 == a~1z2 +b~1z3.

Using equations (26) and (21), we obtain the local strains as:

{
oU~) ou~)}

fY) -+-
23 _ oz oy _ [S(i)] Y4
(i) - - 2 ,

{.,,} a.l" + au\' tJ
oz ox

(27)

(28a)

(28b)

where

[SV') =~
0 0 z 0 0 g(i) 0 g(i)

i~']
14 15

I 0 0 z 0 0 g(i) 0 (29a)24 25 ,

0 I 0 0 z g(i) g(i) g(i) g(i)
24 14 25 15

(i) g(i) ]
(i) _ ~24Z 25z

[S2 ] = (i) (i)'
14z gl5z

Moreover,

(29b)

(29c)

ou? ou~
Y6==-+-,oy ox (29d)

(2ge)

because e-,,-{ is a local coordinate system and the e-I'/ plane is tangent to the deformed
reference-plane.

$AS 30:12-11
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Because the orthotropy of piezoelectric laminae is due to manufacturing and poling
processes, we assume that the principal mechanical or material directions are the same as
the principal piezoelectric directions. Also, we use the assumption that (j~1 = 0, include
induced-strain actuators, and obtain the stress-strain relations:

(30)

where

[~'" Q(:1
-V)lII QI6 -(i)

Q~1J[Q(il] == QV1 Q~1 Q% , ~(Il _ [Q44
[Q ] = -(I)

Q~1 '
Q(il Q~~ Q~~

Q45
16

(31 )

AI = AI cos2 ct+ A 2 sin 2 ct,

A2 = A I sin 2ct+ A2 COS
2
ct,

A 12 = 2cosiXsina:(A I-A2). (32)

Here, V3 is the applied voltage across the actuator which is located between the z = z/ and
z = Zl+ Iplanes; d 31 and dn are the piezoelectric strain constants with respect to the principal
piezoelectric directions 1 and 2 (see Fig. 4), which may be functions of the induced strains
e J I and e22 (Lazarus and Crawley, 1989); AI and A2 are the free actuating strains along the
I and 2 directions, respectively; A J and A2 are the free actuating strains along the deformed
structural axes eand 1]; A 12 is the inplane shear actuating strain (Lazarus and Crawley,
1989; Jones, 1975); a: is the angle between the axes 1 and e; and R is a function that
describes the location of the actuator, which is given by:

R = [H(z-z/)-H(z-z/+ 1)]L(x,y),

where H(z) is the Heaviside step function defined as

H(z) = 1, z > 0,

= 0, z < O.

Fig. 4. The principal piezoelectric directions (I and 2) of a piezoelectric actuator.

(33a)

(33b)
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L(x, y) describes the location of the actuator on the reference plane and is defined as:

1613

L(x,y) = ± I

=0

if the point (x,y) is covered by the actuator,

if the point (x,y) is not covered by the actuator, (33c)

where the ± signs are used to account for the possibility that the piezoelectric material can
have different poling directions on the samelamina (Lee, 1990). For example, if the actuator
is a rectangular one, then

L(x,y) = ±[H(x-xjl)-H(x-xj2)][H(y-Yjl)-H(y-Yj2)], (33d)

where x = x j I, X = X i 2, Y = Yj I and Y =Yj2 represent the border lines of the jth actuator
on the lth lamina.

It follows from eqn (30) that the stresses are proportional to the mechanical strains,
which are the difference between the total strains (em and the free actuation strains (A.,
A2 , A I2 ). Also, eqns (30) and (32) show that an induced strain actuator can only introduce
inplane extension or compression and/or inplane shear deformations.

3.3. Actuator-induced displacement field
To solve for the actuator induced warpings with free boundaries and no external or

inertial loads, we assume that the displacement field for the ith composite lamina has the
same form given eqns (26) and (27), but the values of the ar) and b~) are different from
those in eqns (25). For the actuator located at the lth lamina, we assume that its displacement
field is the same as that given by eqns (26) but:

gV~ == aV~z2 +bV~Z3 +CV~Z4,

gn == z+anz2+bV1z3+cV1z4+c<!1z5,

g~~ == z+ a~~z2 + b~~Z3 + C~~Z4 + c<i~z5,

g~1 == a~1z2+b~1z3+c~1z4. (34)

Because the peak of the warping function should be at the actuation layer and the
signs of the shear angle change within the actuation layer, we assume that:

(35a)

Because a thin piezoelectric actuator can only provide inplane strains ell, e22 and e12 but
not transverse shear actuating forces, we have:

(35b)

Substituting eqns (27), (34), (26), (28b) and (30) into eqns (24) and (35) and then setting
each of the coefficients of Y4 and Y5 equal to zero yields:

2aWz I +3bWzi+<>1l4c\~zr = 0,

2aWz I +3bWzi+<>IAcWzi+<>1l5~~zi = - I,

2a~~zl + 3bWzi +<>1l4cWzr +<>1l5~~zi = -I,

2aWz i +3bWzi+<>1l4cWzr = o. (36a)
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a\i~zJ + bV~z] + (jilcV~zj - aVlzJ bVlz} - (j;tc\jlzj = 0,

am 2+b(i) 3+'>: (i) 4+ ~ ;;(i) S (j) 2 b(i) 1 .>: (j) 4 ~;;(i) 5 0ISZj 'SZj VilC'SZj VilCISZi -al5Zj -. (Sz; -vjlCisZj '-vjlC(SZj = ,

(E) 2 +b(i) 3+ ~ (i) 4 .>: ;;(i) S (j) -, b(j) 1 ~ (j) 4 ';;() sa24Zj 24Zj VilC24Zj +ViI(24Zj a24z; 24Z; -VjlC24Zj -bjlC!4Z; = 0,

ali) _Z +bU),.3 + ~ c(I) _4 aU)_Z bU)_3 _" w_4 - 02S,t,j 2S-j Vii is'"j - 25"'j 2S"'j OjlCZS"'j - ,

Q~~(2a~~zj + 3b~~zJ + (jil4c~~z] + (jil581~zj) + Q~~ (2aV~zj + 3b\i~ZJ + bij4cV~zn

Q-W(2aU)z +3b(j)_2+~ 4·U)_3+~ 5,;(j)_4)
- 44 24 j . 24,t,j Ujl (24"j Ujl C24",

- Q~§ (2aVlz j+ 3bVlz} + bjl4c\jlz]) = Q~l- Q~~,

Q-(i) (2aU)", + 3b(i) _2 + " 4 (i) 3) + Q-(i) (2 (E) - + 3bU) _2 + " 4 (I) _3 .. 5 ;;(i) 4)44 Z5"'j 2S"j Vij CZSZj 45 alS"j IS"j Vii CIS"j + vi/ CISZi

- Q~l (2aYJzi+ 3bY§z} + bp4cYJzy)

-Q-Us)(2aUs)z. +3bWz.2+(j. 4C(j)".3+.~ 5C,,(j)-.4) _ Q-(j) Q-(i)4 'i IS j jl IS"'i Vii 15"'i - 4S- 4S,

Q~~(2a~~zj+ 3b~~z} +(jil4c~~Z7 +(jil581~zj) +Q~~(2aV~zj+ 3b\i~ZJ + (jil4cV~z})

- Q~§(2a¥lzi+ 3bYlz} + (jp4cYlz} + (jj/5cYl z j)

- QY§(2aVlzi+3bVlz} + (j1l4c\il z}) = Q~J - Q~t

Q~)S(2a~~zi + 3b~~z} + (jil4c%z7) + Q~~(2aY~zi+ 3b\i~ZJ + (jtAcV~z7 + (jil5cV~zj)

- Q~1(2aY§zi+ 3b!j§z} +(j iAcY1z})

- QYH2a\j§zi + 3bV~zf + (j iAc"j§z} + (j jI5cVJzj) = QY§ - Q~~, (36b)

(36d)

for i = 1, ... , N - I, where j == i+ 1.

2a\~)ZN+ I +3b~)z1+, +(jNAcV~)z,~+, = 0,

2dt;)ZN+' +3b\~)z1+, +(jNAcWz.~+, +(jN/5c\~)z~+, = -1,

2a~~)zN+' +3b~~)z.L I +(jNAc~~)z~+ I +(jNI5c~)z~+, = 1,

2a~~)zN+' +3b~~)z1+, +bNAc~~)z.~+ I = O. (36c)

2aV1(z, + z,+ ,) + 3b(t1(zl +z1+ I) +4cV~(zl +zlt ,) + 5c'(~(zi +Zft ,) = - 2,

2a~1(zl+zl+ 1)+3b~Hzf +z1+ I) +4c~1(zl+zl+ ,)+ 5811(zi +zft ,) = -2.

it, f'+ 1 [Q~~(l +2a~~z+ 3b~~Z2 +(jtAc~~z3 +(jil581~z4)
+ Q~~(2aV1z+ 3bV1z2+(jil4cV~Z3)] dz = 0,

t fi+' [QV~(2a~~z+3b~1z2+bil4c~~z3)+Q~W +2aV1z+3bY~z2
+ (jiAc({~Z3 +bil5CV~Z4)J dz = 0,

f 1..-,','+ 1 [Q~W +2a~~z+ 3b~~Z2 +(jil4c~~z3 +(jil581~z4)
i=' J:

+Q~~(2aV~z+3bV~z2+(jil4cYk\)]dz = 0,

it, fHl [Q~H2a~~z+3b~~z2+(jil4c~1z3)+Q~W +2aY1z+3bY~z2
+(jil4c(:~Z3 +bil5CV~Z4)] dz 0, (36e)

where (jil is the Kronecker delta function. These 8N+6 algebraic equations can be solved
for the 8N+6 unknowns-aVt a\i)s, a~1, a~t bVt bVL b~~, b~1, for i = 1, ... , N, and cVL
81~, cV1, cV1, c~t c~~. We note that the reference plane cannot be chosen as the contacting
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surface of any two laminae because it will make the shear angles continuous at z = O. Also,
we note that eqns (24) are a special case ofeqns (36). If there are several actuators covering
the same area of the reference plane, a superposition method can be applied to obtain the
warping functions if the input voltages to these actuators are proportional to one another.

For areas not covered by actuators, we propose to use the shear warpings shown in
Fig. 3(b). For the areas covered by actuators, we propose to use the shear warpings shown
in Fig. 3(c) if there are no externally applied loads. An appropriate combination of both
warping functions will be used in the presence of externally applied loads.

4. FORMULATION

Because there are difficulties involved in solving dynamic problems for a general
anisotropic plate, approximate or numerical methods are usually adopted and hence energy
formulations are much more practical. Here we use the extended Hamilton principle to
derive the equations of motion:

(37)

where <5 Wnc denotes the variation of the nonconservative energy Wnc, which is problem
dependent and will not be considered in the derivation, and the variations of the kinetic
and elastic energies T and V are given by :

N iZi

+
1 f(au au au)15V= L tl'J~+t2'J--;-+t3'J--;- dAdz.

i= I Ii A OX UY uZ

(38a)

(38b)

Here, p(l) is the mass density of the ith layer, A denotes the undeformed area ofthe reference
plane, and fi ;: d 2D/dt 2

• The tractions t; are given by:

t2 ;: (j~\ i I + (j~~i2 + (j~~i3'

t 3 ;: (j~\i, +(j~1i2' (39a)

the absolute displacement vector D of a particle in the observed plate element is given by :

(39b)

and the relative displacement vector U with respect to the deformed local coordinate system
~-t1-{ is given by:

(39c)

4.1. Elastic energy
Variations of the unit vectors of the ~-'1-{ coordinate system are due to rigid-body

rotations, which are given by:

(40a)
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and hence
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(40b)

where <58 1, <58 2 and <58 3 are virtual rigid-body rotations with respect to the~, 1] and ( axes,
respectively. We note that the 158; are infinitesimal rotations and hence they are vector
quantities. Moreover, the <58i are along three perpendicular directions and hence they are
mutually independent.

It follows from eqns (39c), (26), (12), (13), (21), (29d) and (2ge) that

au a (i) a (i) a (i) ~, a' ~,_ u I, U2 , U3, (i) OIl (i) 12 (i) 01 3
-a---a-II+~a 12+ ~.-13+UI ~.. +U2 a +U3 ay y y oy uy y y

- [au? + ~K +y g(1) +y g(/) Ji + [e + ~K +y g(i) +'y g(E)]i- --a-- ... 62 5v 15 4~' 14 I 2'::" 2 4v 24 5.1' 25 2:.y . - -

au
az

auV) , au~) , au~) ,
~---II + --17 +-----1,
oz az - Cz·

= (Y5gV~=+Y4gVL)il +(Y4g~L+Y5g~~=)i2. (41c)

Substituting eqns (41) into eqn (38b) and using the fact that virtual rotations of the
coordinate system do not affect the elastic energy, we obtain:

where

;(i) - au, I' _ c(i) + K (y g(i) +" g(i») (43b)
"22 = 'ay 2 - "22 4 5 15 14 14 ,
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Comparing the two strain expressions shown in eqns (28) and (43), we note that the
nonlinear terms in eqns (43) are due to the shear rotations Y4 and Ys and the rotation of
the coordinate system.

Next, we determine variations of the curvatures Kj' It follows from eqns (14)-(19),
(12), (13) and (40a) that:

where m represents any stress resultant or moment; they are defined in Appendix A.
Substituting eqns (44) into eqn (42), we obtain the virtual elastic energy in terms of

the stress resultants, stress moments, and inplane strains as:

c5V = 1(N, c5e, + N 2c5e2+ N6c5Y6 +0,c50 1 +02c502+03c503 + r 4c5Y4 + r sc5Ys) dxdy

+ 1[-M 2c50, + M 62 c50 2+m32c5°3 +m2c5Y4 +m62c5Yslt:::i dx

+ i [-M 6,c50, +M,c502+m3,c5°3+m61c5Y4 +mlc5Ysl~~o dy,

where

M1 == M 1 -S11 YS- SIIY4,

M 2 == M 2-sn YS-S22Y4,

M 61 == M 6-SI2Ys -S'2Y4'

M 62 == M 6-S2IYS-S21Y4,

m31 == (m62-ml)YS+(m62-ml)Y4,

m32 == (m2-m61)YS+(m2-m61)Y4,

0 1 == M6IX+M2y-m3IKI-m32K62+MIKs+M62K4,

O 2 == -M,x-M62y-m3IK61-m32K2+M2K4+M6IKs,

0 3 == -m3Ix-m32y+MIK61-M2K62+M62K2-M6IK.,

(45)

(46a)

(46b)

(46c)

(46d)

(46e)

(46f)

(46g)

(46h)

(46i)
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(46j)

(46k)

Here, M" M2, M6h M62 , m31 and m32 represent the total moment intensities (Pai and
Nayfeh, 1991) acting on the edges of the plate element. Equations (46) show that m3h m32
and 8 3 are nonlinear terms. We note that the effects of "4 and "5 are nonlinear. It can be
seen from eqns (42) and (43) that if changes in the elastic energy due to changes in the
configuration are not included (i.e. the Gij are used instead of the 8i) and linear curvature
expressions are used, then there are no nonlinear terms in eqns (46) and m31 = m32

= 8 3 = O.
It follows from Fig. 2(b) and transformation theory that the relations between the

axial strains el and e2 and the displacements are:

l+e, = TI,(1+Ux)+Tl2vx+TI3W"

l+e2 = T2IU,+T22(1+V,)+T23W."

Taking the variation of eqns (47) and using eqns (5) and (6), we obtain:

bel = Tllbux+TI2bvx+TI3bw"

be2 = T2,bu,+T22bv.,+T23bw•..

It follows from eqns (3)-(6) that:

" \ ['" " , .] be2.ul2 =-----_. uU,.lx+uV,.l,.+uW,.l; - -\--12'
I +e2 - - - - +e2

Using eqns (49), (8) and (40b), one can show that:

(1 +el)b82+ T 3l bux+ T 32 bv, + T 33bwx = 0,

-(1 +e2)b8, + T 3l bu,+ T32bv, + T33bwy = O.

It can be seen from Fig. 2(b) that:

(47a)

(47b)

(48a)

(48b)

(49a)

(49b)

(50a)

(50b)

(51)

where Y61 = Y62 = Y6/2. Using eqns (49) and the relations i, = ij and i2 = i~ (i.e. neglect the
influence of Y6 on the change of plate configuration), one can show that:

Substituting eqns (48), (50) and (52) into eqn (45), we obtain:
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(53)

{

i5UY
}

+{N6/(l+ez), Nz, 0t!(l+ez)}[T] i5vy +03i583+r4i5Y4+rsi5Ysi5Ys]dxdy

i5wy

+ Ix [-Mzi58 1+M6Zi58z+m32i583+mzi5Y4 +m62i5YsJ;:i dx

+i [-M61 i58 1+Mjb82+m3jb83 +m6IbY4+mlbY5];:~dy.

4.2. Kinetic energy
Substituting eqns (26) and (21) into eqn (39b) yields:

Because the rigid-body rotation of the ~-rJ-{ coordinate system results in the main part of
the rotational kinetic energy (the other part of the rotational kinetic energy is due to shear
rotations), we need to account for the virtual kinetic energies due to the virtual rotations
of the coordinate system, which are bii> i5iz and bi3, as shown in eqn (40a). Taking the
variation and the time derivative of eqn (54), we obtain:

(55a)

and

0= Uix+viy+wiz +ii'3 + (Ysgn +Y4g~nil +2(Ysgn +Y4gmi l+ (Ysg~1 +Y4g\inil

+ (Y49~1 +Y5g~niz +2(Y4g~1 +Y5g~niz +(Y4g~~ +Y5g~niz, (55b)

where the dot denotes differentiation with respect to time and

ik = Tk1ix+Tk2iy+Tk3i"

lk = tk1ix+ tkziy+ t k3i"

ik = Tk1ix+ TkZiy+ Tk3i"

for k = 1, 2, 3. Using eqns (55) and the identity ik ' ik = 0 in eqn (38a), we obtain

(55c)

bT= i(Aubu+AvbV+Aw,bW+AY4i5Y4+AYSbYs+Ao b8 1 +Ao b8z+Ao (83)dxdy,
A ' 2 3

(56)

where the inertial terms Au, Av , Aw, AY4 , Ayl , Ao" A02 and A03 are given in Appendix B.

4.3. Equations ofmotion
Substituting eqns (50), (56) and (53) into eqn (37), integrating the terms in eqn (37)

by parts, and then setting each of the coefficients of bu. av. bw. i5Y4 and bys equal to zero,
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we obtain the following equations of motion:

Fllx+F12r A,,+/llll,

Fa, + A, + Itll;'

F n \ +F,l ,. All' +II 3,i',

where

{F 1I ,F2t. F3d {N j ,N6/(l +el), 0 2/0 +el)}[TJ,

{F 12 , Fn , Fd = {N6/0 +e2), N2,0 1/(1 +e2)}[T],

0 1 =01 +Ao"

(57a)

(57b)

(57c)

(57d)

(57e)

(58)

We added a linear viscous damping term to each ofeqns (57), where the lIt are the damping
coefficients. The boundary conditions for the plate are of the form:

Along x 0, x = a:

OU 0, F I1 + (M61 T3t!O +e2)l",

01' 0, F21 +(M6I Tn/(l+e2»)."

Ow 0, F '1 +(M61 T33/(l +e2)]"

002 = 0, i\it.

OY4 = 0, m6t.

OYs=O, ml;

Along y = 0, y = b:

()U=o, F12+[M62T31/(1+edln

01' 0, Fn +[M62 Tn/(l +el)].,.,

Ow = 0, F32 + [M62 T B /(1 +el)]n

00 1 0, M2 ,

OY4 0, ml,

oYs 0, m6l;

At (x, y) = (0,0), (a, 0), (0, h), (a, b) :

Ou 0, 1[Moz/(1+el)+M6 J!(1 +el)},

ov = 0, - TdMoz/(1 +el)+M6t!(1 +e2)],

Ow 0, TdMbl!O +el)+Mbl!O +el)].

(59a)

(59b)

(59c)

The corner conditions for u and lJ are nonlinear as can be seen from eqn (59c). The stress
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resultants and moments which include piezoelectric actuating forces are separated into two
parts: one is due to deformations (indicated by superscript d) and the other one is due to
actuating forces (indicated by superscript f). The result is:

(60a)

(60b)

where

(6Ia)

(6Ib)

Because the rotary inertia A II3 about the ,-axis is due tQ nonlinear effects [see eqn
(BI2)] and is usually negligible,

0 3 +Ao,=0, (62a)

m31 = 0 along x = 0 and x = a, (62b)

m32 = 0 along y = 0 and y = b, (62c)

is a statement of the balance of the internal moments with respect to the '-axis, which has
no significant influence on the plate dynamics.

5. DISCUSSIONS AND COMPARISONS

5.1. Warping functions
For isotropic plates or one-layer orthotropic plates with an arbitrary ply angle, the

external-load-induced warping functions are:

(63)

Thus, there is no coupling between the two transverse shear rotations Y4 and Ys. This is the
so-called third-order shear-deformation theory (Reddy, 1984; Bhimaraddi and Stevens,
1984). However, for general laminated plates, gV~ and g~~ are nontrivial and hence Y4 and
J's are coupled. In Figs 5(a), (b), (c) and (d), we show the external-load-induced warping
functions for a five-layer graphite-epoxy laminated composite plate with the layups
[10°/5% °/5°/10°], [l0°/5°/0°/ - 5°/ _10°], [60°/30%°/30°/60°] and [60% °/ - 30°/20°/10°].
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Fig. 5. External-load-induced warpings: (a) [10/5/0/5'/10,]. (b) [10/5/0/- 5/ - IOJ. (c)
[60" /30'/0"/30°/60'1. and (d) [60'/0'/ ~ 30/20"/1 OG].

respectively. The material properties of each lamina are:

£1 = 1.92 x 10 7 psi,

G2 } = 5.23 X 105 psi.

£2 = £} = 1.56 X 106 psi,

G l2 = GI1 = 8.20x 105 psL

(64a)

and the lamina thickness tk = 0.005 in. It follows from Figs 5(a) and 5(b) that antisymmetric
lamination results in even shear coupling functions i{~ and g~1 whereas symmetric lami
nation results in odd shear coupling functions. Moreover, antisymmetric lamination results
in more significant shear coupling effects. It follows from Fig. 5(c) that, for a symmetric
laminate with large ply angles, the warping functions gV1 and g~~ are quite different from
those used in the third-order shear theory. Moreover, it follows from Fig. 5(d) that, for a
general laminated plate, the warping functions gli1 and g~~ are not odd functions and the
shear coupling functions g(t1 and g~1 are neither odd nor even functions.

In Fig. 6, we show the actuator-induced warping functions for a three-layer laminate
with the second layer being an actuator. The passive layers are aluminum with the prop
erties:

£=1.03xI07 psi and v =0.334; (64b)

and the piezoelectric actuator is an isotropic G-1195 piezoelectric patch (Piezo System,
1987) with the properties:

E = 9.14 X 106 psi and v = 0.28. (64c)
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0.020

O.OlS

0.010

O.OOS
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-O.OOS
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-O.OlS
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#1
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Fig. 6. Actuator-induced warping functions of an aluminum-piezoceramic-aluminum laminate.

Because both the actuator and substrate are isotropic, there are no shear couplings (i.e.
gn = g~1 = 0) and gn = g~~.

In Figs 7(a) and 7(b), we show the actuator-induced warping functions for a seven
layer laminate with the second layer being an actuator and the layup being
[10°/0°/20°/400

/ - 30°/90°/45T The material properties of the composite laminae and the
actuator are given by eqns (64a) and (64c), respectively. We note that, in this case, there
are shear couplings and the warping functions are very different from those of isotropic
plates and depend on the stacking sequence. We point out that the actuator-induced

(a)
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Fig. 7. Actuator-induced warping functions of a graphy-epoxy laminate where the layup is
[10

%

°/20°/40°/- 30°/90°/45°] : (a) g15 and g'4' and (b) g'4 and g,s.
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extension of the reference plane and the bending rotations are not included in the warping
functions because the warping functions represent displacements with respect to the
deformed local coordinate system.

5.2. Classical plate theory with von Karman nonlinearities
In the classical plate theory, it is assumed that normals to the midplane before defor

mation remain straight and normal to the midplane after deformation, which implies that:

(65)

If, furthermore, von Karman strains are used to account for the geometric nonlinearities.
then:

{ljJ} = {{lj/V,o,O,O,O}T, (66a)

{lj/} = {u,+~w;,v,,+!w~,u,,+v,+wxwl' -11'", -11',.", -2W,,}T, (66b)

and

[

I 0 11"]
[T] = 0 1 w",

001

(66c)

as shown by Pai and Nayfeh (1991). We note that eqn (66c) can also be obtained using
direct geometric considerations. If follows from eqns (65), (66) and (57a--e) that the
equations of motion in this case simplify to :

N 1x +N6" = Au +/1I U,

N 6x +N2r = A,,+/12
'
j,

(N 1W, +N6wv+M\x + M 6,,)x + (N6w, +N 2wv+M6x +M2vJr

= Aw+(Ao,L-(Ao),,+/13tiJ.

The boundary conditions for the plate are of the form:

Along x = 0, x = a:

c5v = 0, N i"

c5w = 0, N\wx+N6Wv+MIx+2M6v-Ao"

-c5w, = 0, M\;

Along y = 0, y = b :

c5u = 0, N 6 ,

c5v = 0, N 2,

c5w = 0, N6Wx+N2W"+2M6x+M2y+Ao,,

At (x, y) = (0,0), (0, b), (a, 0), (a, b) :

(67a)

(67b)

(67c)

(68)
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It follows from eqns (AI), (66), (30), (28a), (29a) and (6Ia) that:

where

1625

(69a)

(69b)

(69c)

5,3, Linear piezoelectric plate theory
Linearizing eqns (57a--e), we obtain the following linear equations of motion for

piezoelectric plates:

N1x+N~y-N~Lx-N~Ly= Iou-hwx+I6Ys+lsY4+/l,U,

Nt+N~y-N~Lx-N~Ly= lov-I,wy+I7Y4 + IsYs +/l2V,

M1xx +2M~xy+M~yy - M~Lxx - 2M~Lxy - M~Lyy = low

+ (/,ii-/2u\+ 16,ys +IS tY4)x +(I,v -/2wy+ 171Y4 + IgtYs)y + /l3W,

m~,x+m~y-q2-m~,Lx-m~Ly = (lss+/77 )Y4 + (ls6+ / 78)Y'S

+ I sii+I7v-ls,wx-/7 , Wy+ /l4Y4,

m1x +m~2Y - q, - m~Lx - m~2Ly = (/66 +Igg)ys+ (lS6 +178 )Y'4

+hii+ I gv-/6,w.~-/g,wy+/lsYs,

where the stress resultants are defined in eqn (6Ia) with:

(70a)

(70b)

(70c)

(7Od)

(70e)

and

The corresponding linear boundary conditions are of the form :

Along x = 0, x = a:

DU = 0, N"

Dv = 0, N 6 ,

DW = 0, M'x+2M6y+/2wx-/,ii-I6tYs-IstY4'

-DWx = 0, MJ,

DY4 =0, m6J,

Dys = 0, m,;

(72)
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Along y 0, y = b:

bv 0, N 2 ,

bW 0, 2M6,+M2y+J2\~,,-lli;-171)i4-INI)i5'

(73)

At (x, y) = (0,0), (a, 0), (0, b), (a, b) :

5.4. Actuator-induced loads
It follows from eqns (A 1)-(A5) that all stress resultants and moments are defined with

respect to the deformed coordinate system ~-t]-' because local stresses are used in their
definitions. Moreover, to solve eqns (57a-e) subject to the boundary conditions eqns (59a-·
c), one needs to evaluate the integral

I m f (L" L n L,,, L ry , L,,) dx dy, (74)

where m f denotes either a stress resultant or a moment due to piezoelectric actuation.
Because L(x, y) is a Heaviside function [see eqn (33c)), L, and L, are given by the Kronecker
delta function b, and L.w L,y and L yy are given by the derivatives of b. Hence, induced
actuating forces and moments act only along the boundaries of the actuators (Lee, 1990).
Because of this discontinuity in the actuating loads, the resulting structural strains are
discontinuous, especially around the boundaries of the actuators. Obtaining analytical
solutions for such problems by assuming displacement functions which can account for this
discontinuity in the strains is almost an impossible task. On the other hand, a numerical
approach by using finite-element methods can be used to account for this discontinuity in
the strains as well as arbitrarily designed and distributed actuators.

5.5. Thermal and moisture effects
Induced strains due to thermal and moisture expansion or contraction are of the same

form as those due to piezoelectric actuation except that the location function R(x, y, z) is
not needed because thermal and moisture effects are usually continuously distributed over
the whole structure. Hence, the stress-strain relations are the same as those shown in eqns
(30) and (32) except that R 1 and

(75a)

in the case of a thermal effect, and

(75b)

in the case of a moisture effect. Here, the fl.; are the coefficients of thermal expansion, AT is
the temperature change, the p; are the coefficients of hygrothermal expansion, and Am is
the percentage weight increase due to moisture. Moreover, the definitions of the stress
resultants and moments due to induced-strain actuation [see eqns (61)] need to be redefined
as:
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because all layers are subjected to thermal and/or moisture effects.
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(76)

6. CONCLUDING REMARKS

We present a refined geometrically nonlinear theory for the dynamics and active control
of elastic laminated plates with integrated piezoelectric actuators and sensors. The theory
accounts for large rotations, continuity of the interlaminar shear stresses, elastic couplings
between two transverse shear strains, a nonuniform distribution of transverse shear stresses
within each layer, extensionality, the anisotropy of composite laminae and piezoelectric
actuators and sensors, the dependence of the piezoelectric strain constants on the induced
strains, and arbitrary orientations of the integrated actuators and sensors. The five derived
nonlinear partial differential equations show that the dynamics of composite plates is
characterized by elastic and geometric couplings among the two extension, one bending
and two shearing motions. The theory contains, as special cases, the classical plate theory,
the von Karman nonlinear plate theory, and the third-order shear-deformation theory.
This model offers great flexibility in that any number of arbitrarily placed and oriented
actuators in a substrate with complex elastic couplings can be modeled conveniently.
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APPENDIX A

The stress resultants and moments are defined as:

(iV I , N:- N 6, M I' M~, M6.n'lfll,m2,nll.ffl(2)

= _~ l'iTI J(JUJ (Jli) (J\iJ}[SU)ldz- L. l II. 22' 12 I
1= I Zj

{Q2,q,} = it, tTl {(J~j,(JYmS~Jldz

__~ l'i_1 {(J(i)gUI + (J(ilg(i) (JU)gU) + (JUlgU) } dz- L. 23 24:: 13 14.:, 23 25= 13 15: ,
1= r zi

N l"t l
_ " {(JUlg\il (J\ilg\il (J(ilg(iJ (J(i)glil (JU)g\i) (J\i)g(il (J'ilg(i) (J(ilg(i)} dz- L. II 24' Ii, 25' 22 14, 22.15, l:t 14, 12,15' 12.24- 12,25 '

;= I :::,

where

[""
iii 0 0 0 0 0 0][S~)l '" ~4

25

0 qUI gUI 0 0 0 o .
, '4 15

0 0 0 qUI q(i) q(i) g~~• '4 .15 • 24

(A2)

(A3)

(M)

(AS)

(A6)

We note that the stress resultants defined in eqns (A3)-(A5) are due to nonlinear effects and they only appear in
nonlinear terms, as shown in eqns (46).

APPENDIX B

The inertial terms are given by:

A" == 10u+/, T 31 +[(Y5/6+Y4/5)T"l'+[(Y4/7+Y5/g)T"l'.

A,_ == 10v+/, T3,+[(y;l6+Y4/5)T,J+[(Y4/7+Y5/s)T22)"

A" == 101i'+/, T3J+[(1'5/6+Y4/,)T,3l'+[(Y4/7+y,I,)T,3l'.

A, '" 1,(liT" +VT" + wT,,) + 1'1'i30 i, +Y5/'6 +]14/" + (1'5/'6 +Y4/,,)'i, . i I
'4 .

+2(Y4/ " +y,I,,)I, 0 i, + (1'4/" +y,I,Sf, 0 i,

+/7(liT2I +vT22 + wT23 ) + 17 JJ 0 i, +Y4/77 +y,/78 + (Y4 / 77 +y,/78 )i'2 0 io

+2(Y5167+Y41,,)I,'i,+(Y5107+Y41,,)'i, 'i
"

A.:
s

'" lo(uT, , + vT 12 + Ii:'T ,J) + 1.,'i3'i I+Y51o. + Y4/ '6 + (I' ;16. +1'41,6ff, . i I

+ 2(y4107 +y5In.)1 2 0 i, + (I'4107 +1' 5IoSf, . i,

+/s(uT2I +vT22 + wTlJ) +I,J3' i, +Y4/78 +y,l88 + (1'4/78 +'y,/ss)'i,' i,

+2(y,/6s+Y4/,,)I,oi,+(y,/68+Y4/,,)'i,oi,.

(B1)

(B2)

(B3)

(B4)

(B5)
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Ao, -11(uT21 +iiTn+~'TH)-12't3 -i2-2(YsI61 +y41s, )I, -i2

-(y,161 +1'41,Sil'i2-Y4171-y;lst-(1'4[71 +1'5[81)'t2-i2

+ (Y417+ Y51s)(uT31+vTn +WT33 )+ (1'.171 +1'5181)13 -i 3

+ 2(Y5,4167 +Y5Y5168 +Y.Y4Is7 +1.1';['8)£1 'i3

+ ('51'.[67+Y,1',[68 +1'.1'.157 +1'.Y'['8)!'1 -h
+2(1.1'.177 +1.1'5178 +1,1'.178 +1,1"[88)£2 'i3

+ (1'.1'4177 + 2y.1';178 +1',r,/gg)'i2'i3 ,
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-(1',h + 1'.[;)(uT31+iiT32 +WT33)- (Y;[61 +1'4[;1)13-i)

-2(1;1';166 +1;1'41'6 +141"['6 +1.1'4[5')£1 -i3

-(1',1';h6+21'51'41;6+1'41'.[5;)!',-i)
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where the inertias are defined as :

and

Ij -ik ; tjl Tk,+ tj2Tu +tj3Tkl ,

Ij-ik ; Tj,Tkl+Tj2TkZ+Tj3Tkl,

for j, k; 1,2,3. We note that, when there are no shear couplings and hence

1629

(86)

(87)

(88)

(89)

(810)

To obtain the linear expressions ofinertial terms, we use eqns (5), (6) and (9) and expand the transformation
matrix [T] as:

(811)
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Substituting eqns (BII) and (10) into eqns (BI)-(B8) yields the linear inertial terms as:

All = loii-Jl}t\-+/6)"~+f5}i4'

A, = 1,,1'-·/[11\+1';',+1,;;,.

Alt· = lo}t\

A., = (1"+I")')',+(/,,,+I,,);;,+I,u+/7 i'--I,,li\ -I"ft'"

A., = (/"6 +1")'/5 + (/ '6 + I" )14 + Iou+ 1,1'-I",li\ - I" Ii"'.

Alii = 12li\ -Ill: -I; I"/'l -1:-; 1i·;~,

AI!, == -- f 2lt\- +11i;+ fi:> I ';;.., + l~ I/-t.

All =0. (BI2)


